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Abstract

We study the two-dimensional constant coefficients Korteweg-de Vries equation, which was
established not long ago in the literature. We construct group-invariant solutions and conser-
vation laws for this equation. Lie group method is applied and the Lie point symmetries are
derived. We show how one can derive travelling waves symmetry solutions given in respect of
the Weierstrass-zeta and hyperbolic functions using its symmetries. Furthermore, we present
infinite number of conservation laws of the underlying equation obtained by means of the
multiplier approach.

Keywords Two-dimensional Korteweg-de Vries equation - Lie point symmetries - Exact
solution - Conservation laws - Multiplier method

Introduction

Physical phenomena in applied sciences and engineering is often best described by differen-
tial equations. These differential equations can be either the nonlinear ordinary differential
equations (NODEs) or nonlinear partial differential equation (NPDEs) and these include
amongst others the Schrédinger equation which plays significant role in quantum mechanics
since it is the counterpart of the Newton’s second law in the study of classical mechanics
[1], the Boussinesq equation which is the model that describes the propagations of long
waves in shallow water and in addition used in plasma physics as ion sound waves [2],
the Kadomtsev-Petviashvili equation that is used as the model that describes the nonlin-
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ear propagation of electromagnetic pulses [3], the shallow water wave equation which is
mostly used in fluid mechanics as the model that describes flow of fluids below a pressure
surface [4], the equal-with equation which is used in simulating the wave propagation on
nonlinear dispersion process medium [5], just to mention a few. It is vital to understand such
occurrences from a mathematical position. Determining exact solutions of such equations is
important in understanding the physical behaviour of the problems. Many solution methods
have been introduced that could be employed to determine exact explicit solutions of differ-
ential equations. These methods are but not limited to the variable separated ODE technique
[6], bifurcation technique [7], inverse scattering transform technique [8], Weierstrass ellip-
tic function expansion technique [9], exponential function technique [10, 11], F-expansion
method [12], Darboux transformation technique [13], (G’/G)-expansion technique [14, 15],
tanh function technique [16-18], sine-cosine technique [19], homogeneous balance method
[20], and symmetry analysis method [21].

The symmetry analysis technique introduced by Sophus Lie is a powerful method formed
on the theory of Lie groups. Lie symmetry analysis is an efficient technique to analytically
solve differential equations. This method decreases the amount of independent variables
in the original system of partial differential equations (PDEs) and this results in a reduced
system of differential equations. For a system of ordinary differential equations it will reduce
the order of the system which makes it easier to find group-invariant solutions of a reduced
system than the original system. For details on this method, see for example [21-30].

The renowned Korteweg-de Vries (KdV) equation [31] given by

Uy — Ouny + yxy =0 1)

is the mathematical model which describes long waves in shallow water surfaces. Here ¢
and x denote time and position, respectively and u(x, t) represents the wave surface. There
have been several extensions of the KdV Eq. (1), namely the integrable constant and time
dependent coefficients two and three dimensional KdV equations [32]. It was found that each
equation was integrable by employing the Painleve test and furthermore, Hirota’s technique
was invoked to compute multiple solitary wave solutions [32].

The extended constant coefficients two-dimensional KdV equation [32] reads

ury + Buxx + o (”xuxy + uxxuy) + Uxxxy T YUyy = 0, ()

with o, B and y being constants. The above equation is an extension of that constant coeffi-
cients (2 + 1)-dimensional KdV equation, obtained by adding two terms [32].

In the present work, we investigate the two-dimensional KdV constant coefficients Eq.
(2). Moreover, we find travelling waves group-invariant solutions by reducing (2). We then
use multipliers to derive conserved vectors of the Eq. (2).

Exact Solutions of Eq. (2)
Lie Point Symmetries
The symmetry group of (2) will be generated by
d

r=gligl 02,0
TS T Ty T
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with £!, £2, £3 and 5 being depend on variables 7, x, y, u. To find symmetries of (2), we
first apply the fourth extension of I to (2) and get an overdetermined linear system comprising
of nineteen partial differential equations which are homogeneous. These equations are

E) =06 =06 =0, =0 =06=08 =08 =0 ny,=0n,=0,
3w — &)y = 0. & +31, =0, 367 — & =0, y§ —y&] —& =0
26/ + 3o — 367 = 0, 28w — L, + sy =0,
iy + Bilcx + Naxxy + vy = 0, B& — 267 +8) +any =0,
30w + Efexy — 3VE) 4 3amy, = 0.
The solution of above system gives the infinitesimals
gl =6aCy, £ =aFi(1), & =aF2(y—y1),
n=F3(t) +xF{(1) — BF2(y — y1),
with Fi, F,, F3 being arbitrary functions of their arguments. To acquire physically interesting
and significant solutions of Eq. (2), we could take Fi(t) = Cat + C3, Fo(y — yt) =
C4(y — yt) + Cs5, F3(t) = Cet + C7. Thus, the infinitesimals now become
gl =6aCy, 2 =aCot +aCs, £ =aCy(y —y1) +aCs,
n=Cox —BCs(y —yt) — BCs + Cot + C7

and consequently the Lie algebra of symmetries of Eq. (2) is spanned by seven vector fields,
namely

r = 9 I = 0 I'; = 9 Iy = 9 I's=t 0
1 - 8t7 2_ 8x7 3 - 8y’ 4_ au7 5 - au7
0 a a a
le=ar—+x—, Tr=aly —yt)— =By —y1)—. 3
ax au ay au

We now obtain the group transformations generated by the above symmetries. For this
purpose, we solve the following Lie equations with the initial conditions for each of the
symmetries (3):

dt L = = - _ dx 2 e o
Ta =& (t,x,y,u), tla=0=1, T (t, %, y,u) Xlg=0 = X,
% =@ 55,0, Flazo =y, Z—Z =0, %, §,00), ile=o=u “
We obtain

Ty : (t,x,y,0) — (t+ay,x,y,u),

Tr: (t,x,y,i) — (t,x +az, y,u),

Ts: (t,x,y,04) — (t,x,y +az, u),

Ty: (5,X,y,0) — (t,x,y,u+ay),

Ts: (t,x,y,i) — (t,x,y,u+ ast),

Te: (1,X,y,i) — (t,x +aagt, y, u + agx),

Tp: (6%, 5,0) — (t,x,e*7(y —yt) + yt,u — B(y — yt)ay).

Using the above group transformations we can now state the following theorem:
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Theorem [fu = H(t, x, y) is the known solution for the KdV Eq. (2), then the following are
also solutions corresponding to each of the transformations Ty, ..., T;:

up =H@E +ai,x,y),

uy = H(t, x +az,y),

uzy = H(t, x,y + az),

ug = H(t, x,y) + aa,

us = H(t, x,y) + ast,

ug = H(t, x + aast, y) + aex,

ug =Mt x,e*7(y —yt) + yt) — B(y — yt)a.

Symmetry Reductions and Solutions

Reduction for the symmetries I'y, I';, I'3

We begin by using the combination of the three translation symmetries, i.e., I'y +al'2 + bT3,
with a, b constants, whose characteristic equations yields the invariants r = x—at,s = y—bt
and U = u. This then transforms Eq. (2) to the NPDE

Urprs + U, Ups + Uy Ug + BUy + yUgg — aUpg — bUg = 0. 5

The symmetries of (5) are

P R S D a0, (2 4ps 0
- = T = T =r— q.
YT T 8 dEIH TS

As above, when using the symmetry R = cR> + R3, with ¢ being a constant, we obtain the
invariants p = s — cr, f = U, which reduces (5) to the NODE

R e T XY ©
c c c
Equation (6) may be rewritten in the form

" = Aff" = Bf' =0, )
where A = 2a/c and B = (B¢ +ac+y —b)/c3. Integration of Eq. (7) in reference to the

variable p results in

A 72 /

Ef — Bf" = ky, k1 = constant. (8)
The Eq. (8) is invariant under the symmetry group generators X = d/dp and Y = 9/d f.
The invariants of Y = 3/3 f are T(p, f) = p and V(p, f, f) = f’. By Lie’s theorem
the third invariant is dV /dT = f”. Thus, f"" = d*V /dT? and hence the Eq. (8) is written
as

f/// _

A d
V' - ZV?_BV =k, '=—

2 dr’ ©)

Now the group generator X = 9/dp gets transformed to ~)~( = 0/9T, which is a Lie
point symmetry of the reduced Eq. (9). The invariants of X!l are W(T', V) = V and
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Fig.1 The 3D and 2D profiles of the periodic solution (13)

Z = (T,V,V')y = V’'. Thus, we have dZ/dW = V" /V’'. Hence the Eq. (9) becomes a
first-order ODE
Z—— - ZW?—BW =k. (10)

Integration of the Eq. (10) and using the invariants W and Z gives

dv A
T ﬂ:\/EV3 + BV2 42k, V 4 2ko, ky = constant. (11)

The general solution of (11) is given by

Ala — _
V(T) = s+ (1 —anen? | JALLZ®) p pal pa a1z
12 o] — o3

where cn is an elliptic cosine function, o, oy and «3 are real roots of

V3—3—BV2—%V—&
A A A

with @1 > @ > «3. Integration of (12) gives the following group-invariant solution of (2):

12 (@) — an)? . Aay — a3) 2 2
t,x,y) =,/ ——— — 1 EllipticE ———p,R°|,R
u(t,x,y) Ac1 — an) RE ipticE | sn 2 p

_ pé
+{a2—(a1—oz2) R }P+C1, 13)

=0

where p = (ac —b)t —cx +y, A =2a/c, B = (Bc? +ac+y —b)/c, C| is a constant of
integration, sn is an elliptic sine function and EllipticE[g, k] is an incomplete elliptic integral

[33]
a [1—2w?
EllipticE[q, «] = / | dw.
0 1—w

The solution (13) is illustrated via the periodic graphs in Fig. 1 with the parametric values
A=09,a=-4b=02,¢c=06, a1 =99, ap =52, a3 = —63, C; =0.9.

Some special solutions
(i) Suppose y = b and the coefficient b/’ — B/c —a)c? — y/c3 = 0, then NODE (6)

becomes

=0, (14)

208
"

+ _
f a
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Fig.2 The graphical demonstration of the solution (16)

and its solution is

3 —6 2 30 3 —6
f(p)=C4—,/(a—;) 4(,/6“f<p+cz>; —2c1,/a;,c3), (15)

where ¢ (v; g1, g2) is the Weierstrass-zeta function and ¢; ’s being constants. Thus, the group-
invariant solution of KdV Eq. (2) for this case is

S —6a\* (- 2 /-6
u(t,x,y)=— (J);‘( %aﬂ[%x+y—<b+%)t+czl;—2q a;,C3>
+ c4. (16)

The solution (16) is traced graphically in Fig. 2, for certain desired values of arbitrary con-
stants. Suitable values for the constants are takenasa =2, b= —1, a = -2, 8 =2, ¢c; =
—0.35, ¢cp =—04,c3=2,c4 =0atx =0.

(i) We choose the constants (ky, k) in Eq. (11) to be equal to zero. Then solving the
resultant ODE leads to the solution

3B B
V = — " sech? —— (T — k3) ¢ , k3 = constant. (17)
A 2
Integrating the above value of V gives the solution f in the form
6+/B VB
f(p)=-— 1 tanh [2(p — k3)] + k4, k4 = constant. (18)

Hence we get the hyperbolic solution to KdV Eq. (2) as
u(t, x,y) = Ko tanh {K| ((ac — b)t —cx + y + k3)} + kg4, (19)

where the constants Ko, K| are expressed as

3Bt +ac+y —b

acl/?

VBt 4+ac+y —b

Ko = 20372

, Ky =

Figure 3 gives the illustration of kink wave profile for the solution (19) along the x, y-axis
att=5,a=0.1,b=0.1,¢c=15, Ko=1.7, K1 =5.6, k3 =0, kg = 11.
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Fig.3 Illustration of the kink wave solution (19)

Symmetry reduction for the symmetry I'¢
This symmetry gives the invariants

2
f=t,g=y,U=u—E (20
and the group-invariant solution for (2) is
x2
ut.x,y) =U(f.9)+ 5 2
ot

Inserting the above value of u in KdV Eq. (2) gives the reduced NPDE
atUpy + B+ aUy +aytUyy, = 0. (22)

To solve Eq. (22), weletz = dU /9y and this transforms Eq. (22) to the quasi-linear first-order
PDE

9z 0z B+ oz
1= +ayt—=-— : 23
Mo Ty e @3)
whose solution is
1 (1
Aty =~ {;G(y—yt)—ﬁ}, (24)
with G being arbitrary function of its argument. Consequently, we have
1 x2
u(t,x,y)zf{—G(y—yt)}dy—éy+—+m, (25)
ot o 2t

with ¢ being arbitrary constant, as the group-invariant solution to KdV Eq. (2) under the
symmetry ['e.

Figure 4 gives the periodic profile for the solution (25) with the arbitrary function G
restricted to G = cos(y — yt). Here we have chosen the parametric valuestobe o = 1, 8 =
0.1, y=18,¢cy=1.6andx =0.

Symmetry reduction for the symmetry I';

We now consider the symmetry I'; and use it to perform symmetry reduction. Solving the
associated characteristic equations yield the invariants

j1=t, j2:x,¢:u+§y. (26)
The above provides group-invariant solution

u(t,x,y) =&, x) — By/a. 27
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W
N\ /7

Fig.5 Solution profiles for (28) with & = sin(zx)

The insertion of the value of u from (27) into (2), we see that this satisfies (2) for arbitrary
®. Hence the group-invariant solution to KdV Eq. (2) for the symmetry I'7 is

M(t’x»y)=q>(t,x)_.3)’/05s (28)

where ® is arbitrary.
Figure 5 demonstrates the periodic wave solution (28) for ® = sin(tx), ¢ =1, g = 0.1
and y = 10.

Conservation Laws

We construct conservation laws of KdV Eq. (2) in this section. A conservation law in physics
means that a certain property of a system does not change over time. For example, conserva-
tion of electric charge, energy, momentum and many others. Conservation laws are central
to understanding the physical world, in that they describe which physical processes are pos-
sible. Conservation laws are vital in solving and reducing the order of differential equations.
They are utilized to obtain exact solutions and numerical integration of PDEs and are of key
importance in the study of the phenomena exhibited by them [34-37]. There are different
methods that could be used to derive conservation laws of PDEs.

Here the multiplier method [27] will be utilized as the equation does not have a Lagrangian.
Before we derive conservation laws for (2), we first recall some definitions and basic results
of the multiplier method to be applied in this section.

For the two-dimensional KdV Eq. (2), a local continuity equation is a divergence expres-
sion

DT + Dy X + D,Y |5, =0, 29
where 7T is conserved density, X, ¥ are spatial fluxes and D; is the total derivative [28]. Here

T,X,Y dependont, x, y, u.
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Any non-trivial local conservation law (29) is analogous to
DtT + Dxf( + DyI? = (u,y + Buxx + Quxliyy + olxxUy + Uyxxy + yuyy) Q0 (30

vanishing on the solution space of (2), Q(¢, x, y, u) being the multiplier, and ( YN‘, X s 1?) varies
with (T, X, Y) by a trivial conserved current. On solution space of Eq. (2), the form (30)
reduces to (29).

We will consider multipliers of zeroth order, thatis Q = Q(t, x, y, u). The determining
equation for obtaining all multipliers Q is given by

1)
EQ(MW + Buyxx + QUxUyxy + CUxxUy + Uxxxy T Vuyy) =0. 3D

Here §/6u is Euler operator which is given by

d
Dy, ... Dy ———. ”
Su 8u+§ (=1’ D;, " Oiiy.i, .

s>1

After expanding the determining Eq. (31) and solving for Q, we obtain

Q=+ fly—yD)

for arbitrary functions f; and f>. We now employ the homotopy formula [27] to find the
conserved vectors. The conserved vectors for (2) that corresponds to the two multipliers f1(z)
and fo(y — )/t) are given, respectively, by

Th = Uy ),

1 3
—QUllyy + Zozuxuy> f1(0),

N 3
Ty = | Pux+ Ty T g

12— (s 4y, + Lo + L, + Lo ) 10 = 2u )
= —Uu u —ou —ouu —Uu — —U 5
n=\3 t T YUy 2 %Hx 4 xx T g laxx 1 ) 1
=1 Ly
h —Euyfz(y_yt)_iufz (y_)’t),
X 3 3 1
sz = Zauxuy + Buy + Zuxxy - ZOU/“'{X_V Sy —vyt)

1 1

= | gouix + Juxx Ry =y,

TY = yuy + lauz + lauuxx + 1Mxxx + lu
7 VT4 T g 4 2

1
t) L& =yt = Syufa'(y =y
Remark Since the multiplier has arbitrary functions f} and f>, it means that there are infinitely
many nonlocal conservation laws for the KdV Eq. (2).

Concluding Remarks

In this paper, we constructed the group invariant solutions and an infinite number of conserved
vectors for the new two-dimensional KdV equation with constant coefficients by means of Lie
group symmetry method and the multiplier method, respectively. The Lie algebra spanned by
Lie point symmetries admitted by the equation was derived. The obtained exact solutions are
invariant under the subalgebra of combination of temporal and spatial translation symmetries
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of equation. These subalgebras gave rise to the special group-invariant solutions known as
travelling wave solutions that have a constant velocity throughout their course of propagation
[27]. Here in this work we succeeded in obtaining such physically important solutions pre-
sented in terms of the incomplete elliptic integral, Weierstrass-zeta and hyperbolic functions
which are valuable to study new phenomena emerge in the novel equation we investigated.
Moreover, we have constructed an infinite number of conserved vectors of the equation which
manifests on the integrability of underlying equation. The obtained results we presented here
due to the applications of the methods we chose are new and have not been divulged in the
literature earlier.

Acknowledgements KP and CMK thank the North-West University, Mafikeng campus for its continued
support.

Author Contributions All authors contributed equally in developing the whole article and approved all the
results and revisions. Specifically, Conceptualization and Methodology, KP and CMK; Software and Validation
KP and TM; Writing-Original Draft Preparation, KP, TM and AGJ; Review and Editing, AGJ, TM and CMK.

Funding Not Applicable.

Data availability Data sharing is not applicable to this article as no datasets were generated or analyzed during
the current study.

Declarations

Conflict of interest/ Competing interests The authors declare that they have no conflict of interest/competing
interests.

References

1. Rezazadeh, H., Adel, W., Eslami, M., Tariq, K.U., Mirhosseini, S.M., Bekir, A., Chu, Y.M.: On the optical
solutions to nonlinear Schrodinger equation with second-order spationtemporal dispersion. Open Phys.
19, 111-118 (2021)
2. Cui, P.: Billinear form and exact solutions for a new extended (2+1)-dimensional Boussinesq equation.
Results Phys. 22, 103919 (2021)
3. Saleh, R., Rashed, A.S.: New exact solutions of (3+1)-dimensional generalized Kadomtsev-Petviashvili
equation using a combination of Lie symmetry and singular manifold methods. Math. Meth. Appl. Sci.
43, 2045-2055 (2020)
4. Khalique, C.M., Plaatjie, K.: Exact solutions and conserved vectors of the two-dimensional generalized
shallow water wave equation. Math. 9, 1439 (2021)
5. Khalique, C.M., Plaatjie, K., Simbanefayi, I.: Exact solutions of equal-width equation and its conservation
laws. Open Phys. 17, 505-511 (2019)
6. Wazwaz, A.M.: Travelling wave solutions for combined and double combined sine- cosine-Gordon equa-
tions by the variable separated ODE method. Appl. Math. Com- put. 177, 755-760 (2006)
7. Tang, S., Huang, W.: Bifurcation of travelling wave solutions for the generalized double sinh-Gordon
equation. Appl. Math. Comput. 189, 1774-1781 (2007)
8. Ablowitz, M.J., Clarkson, P.A.: Solitons, Nonlinear Evolution Equations and Inverse Scattering. Cam-
bridge University Press, Cambridge (1991)
9. Chen, Y., Yan, Z.: The Weierstrass elliptic function expansion method and its applications in nonlinear
wave equations. Chaos Solitons Fract. 29, 948-964 (2006)
10. He,J.H., Wu, X.H.: Exp-function method for nonlinear wave equations. Chaos Solitons Fract. 30, 700-708
(2006)
11. Zhang, S.: Application of Exp-function method to high-dimensional nonlinear evolution equation. Chaos
Solitons Fract. 38, 270-276 (2008)
12. Wang, M., Li, X.: Applications of F -expansion to periodic wave solutions for anew Hamiltonian amplitude
equation. Phys. Lett. A 24, 1257-1268 (2005)

@ Springer



Int. J. Appl. Comput. Math (2022) 8:227 Page110f 11 227

20.

21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31.

32.

33.
34.

35.

36.

37.

Gu, C., Hu, H., Zhou, Z.: Darboux Transformations in Integrable Systems: Theory and their Applications
to Geometry. Springer, Dordrecht, The Netherlands (2005)

Wang, M., Xiangzheng, L.X., Jinliang, Z.J.: The (G’ /G)—expansion method and travelling wave solutions
of nonlinear evolution equations in mathematical physics. Phys. Lett. A 372, 417-423 (2008)

Kheiri, H., Jabbari, A.: The (G’ /G)—expansion method for solving the combined and the double combined
sinh-cosh-Gordon equations. Acta Univ. Apulensis 22, 185-194 (2010)

Zhi, H., Zhang, H.: Applications of the combined tanh function method with symmetry method to nonlinear
evolution equations. Appl. Math. Comput. 188, 385-393 (2007)

Wazwaz, A.M.: Exact solutions for the generalized double sine-Gordon and the generalized double sinh-
Gordon equations. Comput. Phys. Comm. 28, 127-135 (2006)

Wazwaz, A.M.: Exact solutions to the double sinh-Gordon equation by the tanh method and a variable
separated ODE method. Comput. Math. Appl. 50, 1685-1696 (2005)

Wazwaz, A.M.: The tanh and the sine-cosine methods for compact and noncompact solutions of the
nonlinear Klein-Gordon equation. Appl. Math. Comput. 167, 1179-1195 (2005)

Wang, M., Zhou, Y., Li, Z.: Application of a homogeneous balance method to exact solutions of nonlinear
equations in mathematical physics. Phys. Lett. A 216, 65-67 (1996)

Ovsiannikov, L.V.: Group Analysis of Differential Equations. Academic Press, New York (1982)
Stephani, H.: Differential Equations: Their Solutions using Symmetries. Cambridge University Press,
Cambridge (1989)

Ibragimov, N.H.: Elementary Lie Group Analysis and Ordinary Differential Equations. John Wiley &
Sons, Chichester, UK (1999)

Ibragimov, N.H.: Introduction to Modern Group Analysis. Tay, Ufa, Russia (2000)

Cantwell, B.J.: Introduction to Symmetry Analysis. Cambridge University Press, Cambridge (2002)
Bluman, G.W., Kumei, S.: Symmetries and Differential Equations, Applied Mathe- matical Sciences, 81.
Springer-Verlag, New York (1989)

Olver, PJ.: Applications of Lie Groups to Differential Equations, Graduate Texts in Mathematics, 2nd
edn. Springer-Verlag, Berlin (1993)

Ibragimov, N. H.: CRC Handbook of Lie Group Analysis of Differential Equations, Vol. 1-3, CRC Press,
Boca Raton, Florida 1994-1996

Adeyemo, O.D., Motsepa, T., Khalique, C.M.: A study of the generalized nonlinear advection-diffusion
equation arising in engineering sciences. Alex. Eng. J. 61, 185-194 (2022)

Plaatjie, K., Khalique, C.M.: On the solutions and conservation laws of the Yu-Toda-Sasa-Fukuyama
equation of plasma physics. Results Phys. 29, 104706 (2021)

Korteweg, D.J., de Vries, G.: On the change of form of long waves advancing in a rectangular canal and
on a new type of long stationary waves. Philos. Mag. (5) 39, 422-443 (1895)

Wazwaz, A.M.: Two new Painlevé-integrable (2+1) and (3+1)-dimensional KdV equations with constant
and time-dependent coefficients. Nucl. Phys. B 954, 115009 (2020)

Abramowitz, M., Stegun, I.: Handbook of Mathematical Functions. Dover, New York (1972)

Sjoberg, A.: Double reduction of PDEs from the association of symmetries with conservation laws with
applications. Appl. Math. Comput. 184, 608-616 (2007)

Bokhari, A.H., Al-Dweik, A.J., Kara, A.H., Mahomed, EM., Zaman, E.D.: Double reduction of a nonlinear
(2+1) wave equation via conservation laws. Commun. Nonlinear Sci. Numer. Simul. 16, 1244-1253 (2011)
Muatjetjeja, B., Khalique, C.M.: Lie group classification for a generalised coupled Lane-Emden system
in dimension one, East Asian. J. Appl. Math. 4, 301-311 (2014)

Leveque, R.J.: Numerical Methods for Conservation Laws. Birkhduser-Verlag, Basel (1992)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is
solely governed by the terms of such publishing agreement and applicable law.

@ Springer



	Symmetry Solutions and Conserved Vectors of the Two-Dimensional Korteweg-de Vries Equation
	Abstract
	Introduction
	Exact Solutions of Eq. (2)
	Lie Point Symmetries
	Symmetry Reductions and Solutions

	Conservation Laws
	Concluding Remarks
	Acknowledgements
	References




